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value of the rate of propagation of the long waves at the boundary of separation corresponds
to it.
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ON VORTICITY-INDUCED WAVES IN A HOMOGENEOUS INCOMPRESSIBLE FLUID”

I.M. MINDLIN

The existence of vortex-induced waves in a homogeneous incompressible fluid
is proved. The boundary of the vortex represents a cylindrical rotating
fluid surface of stable form. The non-linear dispersion relation, the

form of the vortex and the stream function are found for the vortices
bounded by an almost circular cylinder, and for the vortex-induced waves.
The character and special features of the oscillation of the velocity

field are explained.

The problem is reduced to that of proving the existence of a branching
solution of the non-linear integral equation and to effective determina-
tion of the solution and the bifurcation value of the parameter. Aan
iterative method is proposed enabling the simultaneous determination at
every stage of the approximation to the branching solution and bifurcation
value of the parameter. The convergence of the method over a certain
range of parameters is proved.

The possibility of the existence of rotating cylindrical vortices
retaining the non-circular form of the transverse cross-section was
shown by Lamb /1/ who obtained the linearized dispersion relation (3.2).
Following /2/ we shall call such vortices "vortons". Deem and Zabusky
carried out a numerical experiment in /2/ and they suggest that the result
proves the existence of vortons. It was also found that the rotation
frequency of these vortices is less than the value obtained from (3.2).

The vortons and vorton-induced waves are of interest (see the foreword
to /2/), since the results of the numerical experiment are interpreted
as manifestations of the "soliton-like" behaviour of the waves in a two-
dimensional medium.

1. Formulation of the problem. Consider the flow of an ideal homogeneous incompress-
ible and unbounded fluid in a direction parallel to the zoy plane (Fig.l). We denote by
ox, oy the fixed axes and by oz, oy; the axes rotating with constant angular velocity Q, r. 8
are polar coordinates in the 2oy plane, r,B are polar coordinates in the z,0, plane, t
is time, q(r, 8, t) denotes the absolute velocity of the fluid (relative to the fixed axes),
4r, 9o == g3 is the radial and tangential component of the absolute velocity, and L =rotq =
iz, i, is the unit vector normal to the zoy plane (and to the zoy,) plane). When &= 0,
the ox and oz, axes coincide.

*prikl.Matem.Mekhan.,48,5,761~767,1984
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Suppose [ =1 within the fluid volume bounded by the cyl-
inder r =R, (8, ) (r <R, inside the cylinder) and { = 0 outside it.
y We shall call a fluid volume with non-zero vorticity, a vortex.
Y Under these assumptions a stream function ¥ exists connected
11 p=r B with the vorticity { =1 by the relation

-2 SS ln{r® 4 ry? — 2rry cos (8, — )] r1dr, d6, a.1)

The integration is carried out over the transverse cross-
section of the vortex. We shall investigate a vortex whose
boundary rotates with constant angular velocity & retaining its
form, so that R, (6, t) =r, (B)- We use the formulas r = pry (B),
p=6—Qt to replace the variables r and 0 by p and P respect-
ively. 1In the new variables the vortex boundary is described by
the equation p =1, and its interior by the inequality 0 p<<1, 0 B < 2n.

Relation (1.l) now becomes

¥ (o, = §§ K 0000 B Bopwrs? B1) dpu by t.2)
E=lw
W = p*r,¥(B) + pi*ra® (By) ~— 2pp1re (B) e (B1) cos (By — B)

The function V¥ (p, B) determines the flux across the cylindrical surface fixed with
respect to the absolute zoy axes., We introduce the stream function F which determines the
flux across the cylindrical surface fixed with respect to the rotating =0y, axes. If P(r,0)
is a point in the zoy plane (i.e. P is fixed relative to the a0y axes) and @ (, B) is a
point in the z,0y, plane coinciding at the given instant t with P (i.e. f =0 — Qf), then
the two stream functions at the corresponding points are connected by the relation

F(Q) =¥ (P) =0t
The vortex boundary is fixed with respect to the =z,0y, axes and the vorticity of the
fluid particle is preserved. This implies that F = const at the vortex boundary, i.e.

¥ (1; p) — ¥, Qr,2 (B) = co = const 1.3)

Relation (1.3) represents a non-linear integral equation for the function r, (B). An
integro-differential equation for r,(B) was constructed and used in /2/. It can be confirmed
that after integrating along the boundary, the equation leads to (1.3).

The equations (1.2), (1.3) are written in dimensionless coordinates. The dimensional
unit length R, and the time I, are chosen from the conditions

Fig.l

2
R r2@®dap=25, r=1 (1.4)
0
Here S is the area of transverse cross-section of the cylindrical vortex and {, = T,'{
represents the dimensional vorticity. If the vortex is bounded by a circular cylinder, then
R, is the radius of the cylinder and r, = 1.
Equation (1.3) has a solution r, =1 for any Q. Let us inspect other (non-trivial)
solutions where r, = const. The solutions correspond to the bifurcation values of the para-
meter £.

2. On the integral operator and certain integrals. We use the properties of
the following linear integral operator * in constructing a non-trivial solution of the problem

n

T (#(B) = | Inlo® + p2* — 2pps cos (B — B)]/ (B s EX)

]

Its eigenvalues M (p, p;) are given by the formulas

i Plk
p1<ps Ap=Inp, M=—Wp—k (2.2)
1 pF
pr>p Ao=Inpy, Zl-=—-2—k-Tk— (k=1,2,...)
1

The eigenvalue A, (p, p;) has the corresponding pair of eigenfunctions cos kP and sin i,
and hence their linear combination. The following relation holds:

* Mindlin I.M. On the vortices in an unbounded ideal fluid. Gor'kii, Dep. at VINITI, 24.6.82,
No.3269-82, 1982,
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T (¢y cos kB - ¢, sin kB) = Ay (c; cos kB + ¢, sin k) (2.3)
The eigenfunction f, =1 corresponds to the eigenvalue A,.
Below we shall use the operator

27

Ty (f @) =T (f () lompm =5 § In[2— 2 o3 (B — B))  (Br) dBy @.4)

0
and the formulas for the integrals

cos ko
= d k= 'y 12,...
e as(p=+pe—2pp,cosa>" @ E=042)

In particular, we have
2 o
<lp Tr=Fi(p Pz)==—pr_-_—")l7—§- (2.5)

k
Tie = Fi(py ) = s [ 1 + 5505 ] &

Tig=Fs(p, py) =

2 P’+Dx P+ 4% + oyt
ey [ 3k ey 2 R e o
p1 >0, Ty = Fy (py, P). Tra = Fa(py, P), Tes = F3(p1, p)

The derivation of (2.5) is lengthy and is therefore omitted. Formulas (2.2) are obtained
by integrating T (cos kf) by parts and applying (2.5).

3. Existence of a solution. The question of the existence of a solution of (1.2),
(1.3) is of fundamental importance, because heuristically it is not at all clear whether a
non-circular cylindrical liquid surface rotating, as if it was a rigid surface, exists.

Th proof of the existence of a branching solution of the integral equation is usually
carried out in two stages /3/: a) a free parameter is introduced into the equation and an
iterative method using the theorem of the fixed point of compressive mapping is employed to
show that a family of solutions depending on the parameter exits; b) the existence of a solu-
tion of the branching equation containing the parameter as the unknown is proved. To construct
the branching equation we must in fact first obtain the family of solutions of the integral
equation. The procedure can also be applied to the problem (1.2), (1.3).

Below we present an iterative method in which we obtain, at every step, the approximation
to the branching soluticn as well as the approximation to the bifurcation value of the para-
meter. The advantages of this method in solving the problem numerically are obvious. The
properties of the operator (2.l1) and formulas (2.5) are used to show the convergence of the
iterations within a certain range of parameter values.

Let us describe the method. We use the relations

re (B) =1 +ecosmP + e%u (B), Q@ =Q, + &0 3.1)

to introduce the parameter & into (1.3), the function u () to replace r, () and the para-
meter ® to replace Q:m>1 is an integer. After the substitution (3.l) we write the

integrand in the form A, + &k, + ek, + e*h; where h,, ky, h, does not contain & explicitly (the
solution u (B) depends on e implicitly). Let us write

=5 (l~=) a=—7 3.2)

When the constants are chosen in this manner, the integral equation will not contain e
explicitly in the zero and first power. Dividing by e® and evaluating the integrals that are
independent of u (f)), we write the integral equation in the form

-t (B) + T1(w ()= Ho (0) + eH, (u (B) o &) (3.3
1 1 1 1
Ho@) = — g + (5 — 15 0s2mB + 0
Without writing out a lengthy formula for H,;, we note that

Ha(u (B v )= [ B (B) + @ + Yo m — 7 | cosmp — (3.4)
1
45203 3mB — 2 { 01T (2 (B) 003 mB) lpm dps + S (2 B)
[

Here § (u) is a linear integral equation (3.3) with the following properties:
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k>1, § (coskmf) = d,, cos (k —1)mp 4 (3.5
+ dpyy €08 (& + 1)mp

1 1 i
h=—T5rrz’ %=—Tt+t5Tz

su)_—___;_(i-—m-_‘;_T)mmp. S(0)=0

Using (2.1)—(2.5) we find, that equation (3.3) with e=0 has the following solution

{with an arbitrary @):
u (B) = u, (B) = go + &5 cos 2m (3.8)
g«=—-2—+mmo, g.=-%—m--%

The solution u (B, e} which tends to u,(B) and e->0, corresponds to the non-trivial
solution of the problem (1.2), (1.3). We shall cbtain this solution (beginning from wuy(3.6))

by interation

-51,;- a1 (B) + T2 @rar (B) = Ho () + elf1 (y (B)) 01 8) 3.7
>
§ [Ho (@) + eHy @y (B) 0p, )] cosmp df =0 @.8)
3

According to condition (3.8), the value w, is selected so that the expansion of the right-
hand side of the equation (3.7) and the corresponding Fourier series do not contain  the
harmonic c¢os mP, otherwise (3.7) will have no solution.

The sequences U, 0y converge to the solution of (3.3).

To show the convergence of the sequences ug, w; (the unboundedness of the kernel of the
operator H,; complicates the problem), we shall first consider the iterative process linearized
in e

e U1 (B) o+ T (s g (B)) = Ho (@) + e (i (B), @y 0) (3.9)
k1.4

§ 1Ho(0,) + e (u, (B), 0y, )] cos mpap =0

From (2.1)~(2.5), (3.4)~(3.6) it follows that the process (3.8) leads to approximations
cf the form

k42
Uy (B) = 2o+ gacos 2mp + 3 b cos jmp, b =0 (3.10)
o0
and we have
Wy — @y = ___1/‘5’6)' 1’»0"m = m (@ — W) (3.14)

b ®* Y = me (1 — 4/2m) 5,®
3 1 i
D = me [ (1 — o 49+ 89 — ]
: k1) _ (4 !
>3, D =me——g ( i +2g°) " (6 + 50
i>k+2,5%=0;>05®=0

From (3.11) it follows that 5™ >0 when j22(>0)
L4
[ — o9 | < g (- me)
N 3 3 i
M
2.,|b§"+”—b;’°l<—a—m(k+z)(-g-me)
ol

From the estimates obtained we conclude that the process (3.9) determines the sequences
@ and ux (B) converging for small me. The operator H;(u, w,¢) differs from the operator
H;{(u, ©,0) by a term of order .

Estimates analogous to those obtained above show that additional of higher-order infinitesi-
mals does not viclate (for small &) the convergence of the iterative process, since the
"unperturbed" process (3.9) converges at least as fast as a geometrical progression.

The proof of the fact that the limit of the iterations (3.7), (3.8) is a solution of
(3.3), is a repeat of known cases, and is not given here. We note, that what was said above,
can be reformulated in terms of the transformations, and the proof given establishes that for
small me formulas (3.7), (3.8) determine the compression mapping.

4. Non-linear dispersion relation. The solution of (1.2), (1.3) can be constructed
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in terms of series in integer, non-negative powers of e, with conditions of the type (3.8).
The first three terms of these series agree with the results of the first iteration (3.6)—
(3.8). The first iteration yields the formulas

Q=00 + 2%y +0(eY), Gp= — 1 (m—1) @1

T (B) =1 4+ e cos mP + ¢* (go + g, cos 2mP) 4 e*g; cos Imp -+ (4.2)
o (%)
1

1
go=—7(m'—m+1), g =-m——,

gs =g~ (m=1)(3m — 1)

¥ (p, B) = ¥y + &¥) + ¥, + M3 + 0 (c°) (4.3)
p<lt, Wom——(l—p% p>1, Yo=-rlnp

1 =Y cosmB, ¥y =W, + ¥,,cos 2mp
p<l4, ‘Fl.1=—;"0’—'23,,79m
W s =%—mp2 - ‘%‘Pm

1 ] 1
‘Pz.o=(Tgo+—é-)P’+T——;;-P"'
p>1, ¥iy=—ag— g p™
‘Fz'z =-%—(m—-1)+11_p—m__}_ p-zm
‘Fz,o——*—;'go—‘%-{-(go-{- 2)1np+ —p ™
¥, =W, cos mp | ¥, ;cos 3mp
1 1 3 3

p1, ‘Fa.1=(“‘—s-m’ +—7;m-——1§-)|32 + (—w%—m +W)P
Wys =8 (0 — g P ) +

1 i m

-z-gz[pz-—p —-p"“+(i -————)p”"]

S5 m=1o" + - (2m—1)p’"‘———-(3m—1)p3"‘

m

p>11 q’u=——é—m”+ +—mp*2m+(—..Lm_T+_r6_)p-m
‘Fa.n==—2—33<1 ———s-a-p—W) +
Te [«1 +P""+p‘“’"—~(1 + o) e ] +

= g (m 4 D+ o (2m o+ )t — e (Bm o 1)

To obtain the representation indicating the limits of applicability of the formulas
obtained, we will compare the numerical and analytic results. The following values for the
vortex boundary parameters were found in /2/ for the given values of the vortex area §=35,

its period of rotation T = 20 and wave number m = 3: the smallest and largest radius Ry = 1.056
and Ry = 1.591, and the amplitudes of the harmonics ay = 1.250, am = 2.384:10%, apy == 6.08.107%, aym =
2.041073,
Let us find the corresponding parameters for the analytic solution. When m =3, (4.2)
yields re(B) =1 4+ £cos 3B + 2 (—1.75 + 1.25 cos 6B} + 2¢° cos 9f (4.4)
When |e|< 0.4, the right-hand side of (4.4) attains minimum r, at B =n/3 and maximum r;
at Bp=0, so that r,—ry=2e+ 4%, We find R, and ¢ from the conditions Ry(ry —n) =Ry~ R, =

0.535, 1R (1 — 3e%) = 5, where the latter is obtained form (1.4), (4.4). Thus for the numerical
solution we have the corresponding analytical solution with parameters R, = 1.334 and &= 0.187.
According to (4.1) we have T =2r/Q= 19,90 for the analytical solution. Neglecting the
correction term e*w, we obtain T = 18.86, and the following values for the amplitudes of the

haxmonics: ag= (1 — 1,75 &%) Ro= 1.252, am = Rge = 2.499:1071, aym = 1.25 Rqe? = 5.855-107%, aym = 26°Ro =
1.756.1072.
Another three sets of parameters were obtained by numerical methoeds for m==3, T = 20.35;

m=4 T =11.0; m= 4, T =175 (in all cases we had §=275). The corresponding parameters of the
analytic solution were &= 0.2184, T = 20.30; e= 0.0925, T = 17.04; e = 0.1399, T = {7.44.
Thus the non-linear dispersion relation exhibits a high degree of accuracy within the
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range |me|<0.5. Formula (4.2) yields, in this range, result differing from the numerical
results by 5—7%. Fig.l depicts the vortex boundary constructed from (4.4) for e=0.2.

5. Velocity field. The character and specific features of the oscillations.
The components of the absolute velocity are connected with the stream function by the relations

1 v 1 dr, 6% 1 /¥ -
e e —_— S 5.1
9r e T FE S T =T (5.1)

Fig.2 shows curves constructed from formulas (4.3), (5.1)
for m = 3, ¢ = 0.2. The curves show the distribution of the
quantities ¢, and Qg ==¢3 — g, (r) as a function of the radius
r, for fixed 0 and over a quarter period time interval, for
the phases P =0, =a/6,p = n/3, B = /2 where ¢,(r) = 0¥,
(r)/dr is the tangential component of the velocity of the fluigd
particles of the circular vortex (i.e. in the case when g = ().
Curves 1-3 depict Qg(r) at =0, = n/6, P = n/3 respect-
~ s ively. When f = xn/2, the graph of (g (r) coincides with
. curve 2. Curve 4 depicts ¢,(r) for f==n/2; ¢, =0 with =0
and P ==n/3. When B =n/6, the graph of the function g¢,(r)
and curve 4 are mutually symmetrical with respect to the r
axis. The curves also represent the graphs of @ (r) and
g (r) at the same instant t, with an interval of the angle 6
equal to A@ = xn/6. The interval A8 represents a quarter of
the angular period of the oscillating velocity field. The
dashed line shows the time-averaged position of the curves

Fig.2 @ (r). The graphs show that the vortex induced waves are
localized near the vortex within 2-3 of the mean radii R,.

It can be shown that not only the approximate solution, but also the exact solution of
the problem is invariant with respect to rotation by an angle 0 = 2an/m.

The results obtained show that the system in question is different from the many known
conservative mechanical oscillating systems. In a typical mechanical system undergoing
oscillation, the kinetic energy is converted over a half-period into the potential energy of
an "elastic element" and vice versa. The graphs show that in the system in question the
maximum deviations of the velocity components from their mean value are reached with a
corresponding shift in time and space of approximately a quarter of a period, so that the
kinetic energy is "pumped" during the oscillations from radial to tangential displacements
and vice versa.

Finally we note that the operator (2.1) and formulas (2.5) can be used to construct a
class of steady cylindrical vortices in which the vorticity and stream function are connected
by a non-linear relation, and a class of non-steady vortices in a heavy fluid with piecewise-
constant density, just as was done * (*see the previous footnote.) for axisymmetric vortices.
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